It has been a puzzle that rotating detectors may respond even in the appropriate vacuum defined via canonical quantization. We solve this puzzle by taking back reaction of the detector into account. The influence of the back reaction, even in the detector's mass infinite limit, appears in the response function. It makes the detector possible to respond in the vacuum if the detector is rotating, though the detector in linear uniform motion never respond in the vacuum as expected from Poincaré invariance.
It is known that there are only two kinds of vacua appropriate for stationary (not necessarily static) coordinate systems defined on the flat spacetime [1] ; they are Minkowski vacuum and Fulling vacuum, which exist on Hilbert spaces being not unitarily equivalent to each other. The vacuum for the coordinate system uniformly rotating relatively to the inertial frame (Minkowski frame), to say the rotating vacuum, is just equivalent to Minkowski (inertial) vacuum on the region where the rotating coordinate system is defined. The observer in the coordinate system adapted to Fulling vacuum regards Minkowski vacuum as a (thermal) heat bath, which is Fulling-Davies-Unruh (FDU) thermal bath. To examine this phenomenon, called Unruh effect [2] [3] [4] , it is necessary that the system including a detector model is studied [5] [6] [7] . The detector is named Unruh-DeWitt detector. The response function of the detector set rest in a frame is evaluated to see which vacuum is appropriate for the frame. Besides, the rotation has been investigated in some papers, where exists considerable confusion about the energetics of detector response [7] [8] [9] [10] [11] . For uniform circular motion Letaw and Pfautsch [1] have pointed out the possibility that the detector may respond even in the state which a rotating observer regards as the vacuum. In this paper we shall resolve the above confusion, that is, we show that the rotating detector may respond even in the vacuum in accordance with the energetics.
Firstly, we quickly review conventional calculation of the response function. For simplicity, we treat a massless scalar field φ. The expansions of φ in two coordinate systems S and S ′ are
where u (U) is the mode function in the systems S (S ′ ) and a † k (b † k ′ ) and a k (b k ′ ) are creation and annihilation operators respectively. x (x ′ ) denotes the coordinates of the system S (S ′ ) and k (k ′ ) the 3-(generalized)momentum of an a(b)-particle. The vacua |0 in S and |0 ′ in S ′ are defined as
The relational expressions among the operators known as Bogoliubov transformation, are defined as
These coefficients α and β are called Bogoliubov coefficients. If and only if β = 0, the vacuum on the system S is not hte vacuum on the system S ′ : |0 = |0 ′ . In this paper, we consider the situation that the Unruh-DeWitt detector on the ground state excites into the upper state with emitting an a-particle in the vacuum |0 . Then the response function F (∆E) is
where ∆E is the energy gap between the ground and upper states and G + is the positive frequency Wightman Green function. τ 1 and τ 2 are points on the detector's proper time τ , and
Using the following relations,
+ is expressed as
where
2 ) are the same points on the fixed trajectory x(τ ) of the detector in S and S ′ respectively [3] . In the rest of this paper, let the system S Minkowski coordinate system on the whole flat space-time (whole Minkowski manifold). We choose Cartesian coordinates in the system S, which choice is not essential in inertial frames. Then the expression of the mode function
using eq(4) (not eq. (5)), leads
The Green function (8) 
Furthermore we impose another condition: S ′ is the coordinate system in which the detector is rest (namely t ′ ∝ τ ), and normal particle interpretation is admitted. On such a condition as
the mode function is written as
To designate eq.(5) we, using eq.(10), introduce coefficient matrices A, B, C and D:
where we assume
If each of eqs.(11) depends on either ∆τ or T , ω = ω ′ because ω, ω ′ ≥ 0. We define F as sum of eqs. (11):
When F is independent of T B p = 0 , C p = 0 ;
U pk : a unitary matrix .
Having assumed to have the same form as eq. (13), G + (5) should be written as
Though α pp ′ = α p δ ±pp ′ and β pp ′ = β p δ ±pp ′ are not always correct [3] , we symbolically write
Then
Hence eq. (9) becomes
Either the first or second term in the right hand side survives for a fixed p ′ . In this case since ω ′ ≥ 0 and ∆E > 0, the first term vanishes. It indicates energy conservation, and then eq.(17) reduces to
We compute the expectation value of b-particle number in a-vacuum;
using eqs. (2) and (15). Because the response function should be proportional to the particle number, eq. (18) is convincing. When β is zero |0 ′ = |0 , so that it is natural that F vanishes, while a detector in Minkowski vacuum undergoes heat bath when β is not zero.
We use x = (x, y, z) for Cartesian coordinates or x = (r, θ, z) for cylindrical coordinates of the inertial frame. The expansion (1) of the field φ in Minkowski frame becomes
in the Cartesian coordinate system, or
Bessel function of the first kind in the cylindrical coordinate system. In the former case, the mode function is u k in eq. (6), while in the latter case the mode function is
where we have adopted box normalization. Thus we have obtained two ways in which we calculate the response function: from eq.(4) with the coordinate system S and from eq. (5) with S ′ . In both ways we perform for some examples.
For linear uniformly accelerated motion (hyperbolic motion, called Rindler motion) with proper acceleration α, which motion is the typical example for β = 0, the detector's trajectory
Substituting eq.(21) to eqs. (8) and (9), the response function becomes [3]
The appearance of the Planck factor in this response function shows that the detector is immersed FDU thermal bath. Computing the response function with Rindler coordinate system (S ′ , where t ′ = τ i.e. c = 1), we obtain the result in the form of eq.(18) via eq.(17) 2 .
For linear uniform motion, the detector's trajectory
where V is the detector's 3-velocity and γ is the Lorentz factor. This is the simplest example for β = 0. The straightforward calculation yields F = 0 from eq. (8) . To observe the energy conservation we perform ∆τ integration before performing the momentum integration in Wightman function G + . The Wightman function (7) is replaced by
and hence the response function (9) becomes
This equality is due to the observation that the argument of the δ-function in this equation is positive definite since ω = √ p 2 = |p| > |p||V | ≥ p· V and ∆E > 0; the transition is forbidden by energy conservation law. This result is also obtained by the calculation with S ′ in the same way as the above. In this case, S ′ is another inertial frame, so that t ′ = τ (c = 1) and the mode function is
The response function becomes F ∼ dp where Ω is the detector's angular velocity. It naively seems an example for β = 0, which we discuss later. If we, using eq. (8), calculate the response function, we obtain
It may give strange impression; the detector in the ground state excites with emitting a particle in the vacuum. To study the circumstance in detail we perform the ∆τ integration before the momentum integration as in the calculation of the last example. In this case we, using the mode expansion eq.(19 ′ ) and p = (p r , l, p z ), obtain the Wightman function
which leads the response function
As opposed to the case of the linear uniform motion ω − lΩ may be negative, so that the detector can respond. (See Appendix.) This result is also obtained by the calculation with S ′ . In this case, S ′ is co-rotating frame defined in (A2), so that t ′ = γτ (c = γ) and the mode function is
The response function becomes
using eq.(17) and β = 0; the contribution comes from the first term in eq.(17), in which term the argument of δ-function is NOT positive definite in this case, so that the equation is not expressed as eq.(18). In spite that eq.(33) has the similar form to eq.(27) and the latter vanishes, the former does not vanish. It is because the assumption in eq. (12) in the general discussion is not satisfied in eq.(32). Eq.(33) is the same that eq.(30). It has been a puzzle that rotating detectors have non-zero response in Minkowski vacuum, which seems equivalent to the rotating vacuum. The puzzle has been discussed by some authors [1] [4] [8] [9] , and related to the depolarization of electrons in strage rings [12] [13]. Davies, Dray and Manogue [8] insist F = 0, while other authors try to decode β = 0.
Our approach differ from them. We consider the back reaction which the detector undergoes as the origin of the fact that the response function eq.(30) may have non-zero value regardless of β.
The detector's mass is considered implicitly infinite in conventional derivation of eqs.(22), (25) and (30), so that it has been assumed that the influence of the recoil of the detector which emits (absorbs) particles could be ignored, namely that the detector could be treated as with no back reaction [3] . This assumption, however, is not correct. Our purpose is solving the puzzle by using the fact that the influence of the back reaction remains even in the infinite mass limit of the detector. In order to show the influence of the back reaction explicitly, we re-evaluate the response function by letting the detector's mass finite thereinafter: m denotes the mass in the lower level and m ′ in the upper. Before discussing the rotating detector with finite mass, we recall linear uniform motion. Consider with the coordinate system S the situation in which a detector with initial 3-velocity V emits a particle with 3-momentum p and energy ω and the detector's 3-velocity becomes V ′ by receiving the recoil. The equation of the momentum conservation law is
Solving eq.(34),
and then
In order to obtain the Wightman function from eq. (4), we should compute the scattering amplitude for the process shown in Fig.1 , in which neither the detector nor the particle is virtual. If the detector emits a particle at (t 1 , x 1 ) and absorbs it at (t 2 , x 2 ),
where t 1 , x 1 , t 2 and x 2 are parametrized by τ , which is the detector's proper time only in the interval [t 1 , t 2 ], as
When the calculation is performed in the same way as eq. (24) and using eq.(36), the Wightman function (4) becomes
τ is the time in the detector's rest frame during the interval [t 1 , t 2 ], and not the detector's proper time in the other intervals, because the detector's velocity varies discretely at t 1 and t 2 . We recall that ∆E is defined as the difference between two eigenvalues of the detector's Hamiltonian, the generator for τ -translation, before and after the emission. This eigenvalue before the emission is not the rest mass m but contains the kinetic energy, so that ∆E is no longer the detector's energy gap:
where γ is 'the relative Lorentz factor' defined as
V is the detector's relative velocity. Then we redefine the energy gap ∆m as
The Wightman function (37) gives the response function
where, from eq.(34),
This shows the energy conservation law; m ′ γ ′ −mγ is the difference between detector's initial mass energy and that after the emission. The argument of the δ-function is proved positive definite in the following way. From eq.(35)
where the second and third terms are positive definite by definition and the first term in the right hand side is shown positive definite in the similar way to (25), that is
which inequality shows the response function (39) vanishes. In the infinite mass limit (m → ∞, m ′ → ∞ but keeping m ′ − m = ∆m = 0),
Then eq.(35) is rewritten as
which yields the response function in the infinite mass limit
This coincides with eq.(25). This fact shows p ·V in eq.
(25) appears due to the influence of the back reaction remaining even in the infinite mass limit. When the back reaction is taken into account, S ′ is the coordinate system co-moving before the emission and after the absorption. We calculate with S ′ to obtain the same response function F ∼ dp
as eq.(39). In the infinite mass limit F ∼ dp
which is equivalent to eq.(27). The response function vanishes because the argument of the δ-function is clearly positive definite, which is natural in the sense of physics. We study uniform circular motion whose radius is r (constant). There is an essential difference between linear motion and circular motion; the latter has no Poincaré invariance. This is the key to solve the rotating detector puzzle. We consider the situation that a detector with initial angular velocity Ω emits a particle with angular momentum l and energy ω in circumferential direction and the detector's angular velocity becomes Ω ′ by receiving the recoil. The equation of the angular momentum conservation law is
Solving eq. (42),
If the detector emits a particle at (t 1 , r, θ 1 , z) and absorbs it at (t 2 , r, θ 2 , z),
where t 1 , θ 1 , t 2 and θ 2 are parametrized as
In the similar way to the calculation of the linear uniform motion, we obtain
Then, the response function (45) is rewritten as
which explicitly shows the energy conservation law. In order to evaluate the argument of the δ-function in this equation, we calculate in the same way as the case of the linear uniform motion;
This equation and eq.(40) are alike in appearance but quite different in nature. Though the second and third terms in the right hand side are positive definite, it can be zero as a whole when l in the first term increases. Therefore F may be non-zero. In the infinite mass limit, the response function becomes
This is identical with eq.(30). As discussed in the case of the linear uniform motion, m ′ γ ′ − mγ in eq. (46) is the difference between the detector's initial mass energy and that after the emission. Hence, we consider lΩ in eq.(30) as the influence of the back reaction remaining even in the infinite mass limit. In other words, the detector has non-zero response because of the back reaction.
The coordinate system S ′ in the frame which co-rotates before the emission and after the absorption is defined in eq.(A2). This coordinate system is, however, not well-defined out of the region r < 1/Ω as opposed to the system S, which is defined in the whole space-time. We accordingly make the boundary surface of a cylinder the radius R of the base of which does not exceed 1/Ω. Then the mode function is
z z ′ which, with the above mentioned boundary, yields β = 0. The response function becomes
which vanishes in this case because the argument of the δ-function is positive definite as mentioned in Appendix. This result is not inconsistent with the fact that eq.(46) has nonzero value since the boundary condition for U is different from that for u. If the mode function U were defined in the whole space-time, we would obtain the response function with the same form as eq.(48). In this case the argument of the δ-function in the response function could be zero as so in eq.(46). We can obtain the same result in any uniform rotating frame. In the infinite mass limit, the response function becomes We have shown that the influence of the back reaction, even in the infinite mass limit, remains in the argument of the δ-function in the response function in the cases of linear and circular uniform motions. In spite of the influence, as expected from Poincaré invariance, the response function of the detector in linear uniform motion vanishes. That is to say, considering the circumstance in the inertial frame in which the detector is rest until emitting the particle, the process that the detector emits the positive energy particle, begins to move (gains kinetic energy) in this frame and excites to the upper energy level, is forbidden on energy conservation grounds. On the other hand, the influence of the back reaction in uniform circular motion induces the non-zero response function. It is important for recognizing this to note that the inertial frame co-moving with the detector does not exist. In other words, there is no inertial frame in which the rotating detector always gains kinetic energy by back reaction when emitting a particle. If the detector's kinetic energy reduces, the processes including both the particle emission and the detector's excitation may be allowed. Therefore 'the puzzle of the rotating detector' is no longer a puzzle if the back reaction is taken into account. Detectors may respond even in the appropriate vacuum defined via canonical quantization, as Letaw and Pfautsch have pointed it out [1] , which is natural in the sense of the energy-(angular)momentum conservation. If electrons in strage rings are used as the detectors [9] [12] [13] , it is necessary to take account of the back reaction.
This equation is altered into eq.(31) if taking the limit R ′ → ∞ formally. Due to the fact that r ′ < 1/Ω, however, the limit R ′ → ∞ is not proper. Hence the mode function (31) and accordingly Bogoliubov coefficients α, β are not well-defined on the whole space-time.
Before taking the limits R → ∞,L → ∞, the response function which will become eq.(30) in the limits is m /R > lΩ. Here we have used the fact that the Bogoliubov coefficient β between the mode functions (A1) and (A3) vanishes if both of the mode functions obey a common boundary condition [8] . Though it is possible to adopt rotating coordinate systems other than eq.(A2), Letaw and Pfautsch pointed out that the rotating coordinate system defined on the whole space-time must not be stationary [1] [9] .
